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The Fulde–Ferrell–Larkin–Ovchinnikov phase is the superconducting state for which the Cooper pairs have
non-zero total momentum. From the time of conception of this phase, many groups have been searching for a
realization of the state. Here we describe a proposal of experimental verification of this state in the case of multi-
bands systems, by carrying out the specific-heat measurement.
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1. Introduction
Superconductivity as a state with zero static elec-
tric resistance was discovered by Kamerlingh-Onnes in
1911 [1]. Bardeen, Cooper and Schrieffer (BCS) in 1957
proposed a theory allowing for a quantitative understand-
ing of this state [2, 3], namely, superconductivity is made
possible by the pairing of electrons and creating the spin-
singlet state with zero total momentum called the Cooper
pair [4]. Years later, in 1964 two groups, Fulde and Fer-
rell [5], Larkin and Ovchinnikov [6], proposed the phase
for which the total momentum of Cooper pairs is non-
zero. This state is known as the Fulde–Ferrell–Larkin–
Ovchinnikov (FFLO) phase.
The FFLO phase can be realized in a system in which
the spin splitting appears between the Fermi-surface
sheets for electrons with opposite spins (cf. Fig. 1). In
the BCS state, only the (k ↑) and (−k ↓) states of elec-
trons are paired, with the total momentum equal to zero.
However, when the Fermi surface is split, then electrons
can be paired in the states (k ↑) and (−k + Q ↓). This
leads to the formation of FFLO state where the Cooper
pairs have total momentum equal to a nonzero value Q.
Since the time of the first suggestion [5, 6] of the FFLO
state appearance, many groups researched materials in
which the phase can be experimentally realized. Be-
cause the main cause of the FFLO state occurrence is
the Zeeman splitting of the Fermi surface, the orbital
(diamagnetic) effects should be regarded as negligible
compared to the spin splitting. This relation is quanti-
fied by a relatively high value of the Maki parameter [7]
αM ∼
√
2Horb/HP . Theoretical calculations point to the
lower bound αM > 1.8 to have a stable FFLO phase [8].
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However we must keep in mind that non-magnetic effects
can also split the Fermi surface. For example, a similar
effect can be achieved by the spin- or mass-imbalance in
solid state [9, 10] or in ultra-cold fermion gases [11–13].
Fig. 1. Schematic presentation of the Cooper pair for-
mation in the BCS and FFLO states. The BCS (FFLO)
state occurs in the absence (presence) of spin-split
Fermi-surface sheets for electrons with opposite spins.
Here the Fermi surfaces for electrons with spin up and
down are represented by the gray (orange and pink re-
spectively) circle in absence (presence) of the splitting.
As already mentioned, suitable materials for the FFLO
observation must have a high value of the Maki param-
eter αM. In this situation, the critical magnetic field is
determined by the Zeeman effect. Candidates for the
observation of this phase are the materials close to the
so-called Pauli limit, characterized by a first-order phase
transition from the superconducting to normal state [14–
18]. Examples from this class of materials are organic
superconductors [19], heavy fermion systems [20] and
iron-based superconductors [21–23]. For example, in
the heavy fermion CeCoIn5 compound, a possible FFLO
phase has been reported by several experiments, from
calorimetric measurements [24, 25], anisotropy in ther-
mal conductivity [26], and NMR studies [27, 28]. In
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iron-based superconductors a strong anisotropy was ob-
served in the upper critical magnetic field [21, 22], and in
the Pauli limit signature [21–23]. Moreover, in our pre-
vious theoretical works we have shown that the FFLO
phase is the thermodynamically-stable ground state in
some iron-based superconductors within two-orbital [29]
and three-orbital models [30, 31].
In both organic [32, 33] and heavy-fermion sys-
tems [24, 25], calorimetric measurements are the funda-
mental tool to probe the system under the superconduct-
ing dome. In both cases, additional peaks were found in
the specific heat, which have been interpreted as signals
about the phase transition from the BCS to the FFLO
phase. However, the experiments require extreme con-
ditions, since the FFLO phase exists only in the regime
of high magnetic fields above the critical BCS limit, and
at low temperatures near the absolute zero. In the case
of multi-band iron-based superconductors, the measure-
ments in the literature were performed at temperatures
too high [34, 35] to account as evidence for the phase
transition to the FFLO state. It is important to outline
the expected calorimetric-data profile in presence of the
FFLO phase transition, to facilitate the acquisition of rel-
evant data in multi-band materials. We discuss possible
results of this measurement in a paradigmatic iron-based
superconductor using the three-band model proposed by
Daghofer et al. (see Appendix A). Next, using standard
procedures we numerically calculate the specific heat (see
Appendix B). The discussion follows the computational
results in Sect. 2.
2. Numerical results and discussion
The most general form of a momentum-dependent non-
interacting Hamiltonian of a multi-orbital system in the
tight-binding approximation is given by
H0 =
∑
αβ
∑
kσ
(
Tαβk − (µ+ σµ)δαβ
)
c†αkσcβkσ, (1)
using cαkσ (c
†
αkσ) to denote the annihilation (creation)
operator of electrons with spin σ and momentum k
in the orbital α. Tαβk are hopping terms between or-
bitals α and β with momentum k, determined by the
model, which in the present case is the three orbital
model of iron-based superconductors described in Ap-
pendix A. Band structures are reconstructed by diag-
onalizing H0 =
∑
εkσ Eεkσd
†
εkσdεkσ, in which now the
operators dαkσ correspond to annihilation of electrons in
band ε [36].
In the language of band-basis operators, the interac-
tion part of the Hamiltonian can be written in the phe-
nomenological form
HSC =
∑
εk
(
∆εkd
†
εk↑d
†
ε,−k+Qε↓ +H.c.
)
, (2)
where ∆εk = ∆εη(k) is the superconducting order pa-
rameter in band ε with amplitude ∆ε and symmetry η(k)
(e.g. equal to unity for s-wave [30]), while Qε is the total
momentum of the Cooper pairs in the band.
Fig. 2. (a) Change of the Cooper pair total momentum
in each band. (b) Temperature vs. magnetic-field phase
diagram. (c) Specific heat C in each band along the
temperatures and magnetic fields marked by the cyan
dotted line in part (b), where the black line denotes the
total heat capacity summed over the three bands. The
line colors red, green and blue correspond to bands 1,
2, and 3, respectively.
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The full set of interactions for the system is given
by the total Hamiltonian H = H0 + HSC . The grand
canonical potential can be calculated from its definition
Ω ≡ kBT ln 9Tr(exp(−H/kBT ))), while the thermody-
namically stable state is found through the minimization
of Ω with respect to the amplitude of the superconduct-
ing order parameter ∆ε and the total momentum of the
Cooper pairs Qε, keeping the magnetic field h and tem-
perature T fixed. Additionally, we calculated the entropy
and specific heat using the procedure described in Ap-
pendix B.
For simplicity, we present results for η(k) = 1, corre-
sponding to a s-wave symmetry of the superconducting
order parameter. From the minimization of Ω we can
numerically find ∆ε and Qε in each band ε. To calculate
Ω , the procedure described in Ref. [31] is employed, for
a square lattice of size Nx ×Ny = 10000× 10000, which
makes finite-size effects negligible [37].
The total momentum of the Cooper pairs for T → 0
is shown in Fig. 2a. In every band the BCS type su-
perconductivity vanishes at the same critical magnetic
field hBCSC . At sufficiently low temperatures above this
field, the FFLO phase can be found. However, the FFLO
superconductivity in each band vanishes at a different
critical magnetic field (hFFLOC )ε. Moreover, at a con-
stant value of the magnetic field, the shape and splitting
of the Fermi-surface sheets is different and band depen-
dent, leading to differing values of the total Cooper pair
momentum at every non-zero temperature. Further con-
sequences of the difference between bands are observed
in Fig. 2b, in which we present the h–T (magnetic field–
temperature) phase diagram. Raising the temperature
of the system in the FFLO state, many phase transi-
tions appear, each caused by the successive disappear-
ance of the FFLO phase in each band. Consequently,
this set of transitions could be experimentally observed
using calorimetry measurements. In our case, calculating
numerically the specific heat in each band by differenti-
ation of Eq. (B1), we find peaks corresponding to each
of the phase transitions. Examples of this are shown in
Fig. 2c, where we have calculated the specific heat along
a path in the h–T diagram.
3. Summary
In conclusion, in this paper we stated the main con-
ditions needed for the realization of the Fulde–Ferrell–
Larkin–Ovchinnikov phase. We also present specific heat
calculations for multi-band materials, to be used as a
basis for experimental verification in iron-based super-
conductors. Additional peaks in the specific heat carry
information about the FFLO phase [38]. A big advantage
of the presented methods is the applicability to systems
sensitive to finite size effects [39, 40].
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Appendix A: Three orbital model
of iron-based superconductors
We describe iron-based superconductors using the
three-band model proposed by Daghofer et al. in
Refs. [41, 42]. This model selects the dxz, dyz, and dxy
orbitals of iron (labeled as α = 1, 2, 3, respectively). Hop-
ping terms of the model are given by
T 11k = 2t2 cos kx + 2t1 cos ky + 4t3 cos kx cos ky
+2t11 (cos(2kx)− cos(2ky))
+4t12 cos(2kx) cos(2ky), (A1)
T 22k = 2t1 cos kx + 2t2 cos ky + 4t3 cos kx cos ky
−2t11 (cos(2kx)− cos(2ky))
+4t12 cos(2kx) cos(2ky), (A2)
T 33k = 0 + 2t5 (cos kx + cos ky)
+4t6 cos kx cos ky + 2t9 (cos(2kx)− cos(2ky))
+4t10 (cos(2kx) cos ky + cos kx cos(2ky)) , (A3)
T 12k = T
21
k = 4t4 sin kx sin ky, (A4)
T 13k = T¯
31
k = 2it7 sin kx + 4it8 sin kx cos ky, (A5)
T 23k = T¯
32
k = 2it7 sin ky + 4it8 sin ky cos kx. (A6)
In Ref. [42], the parameters in electron-volts are given
as: t1 = −0.08, t2 = 0.1825, t3 = 0.08375, t4 = −0.03,
t5 = 0.15, t6 = 0.15, t7 = −0.12, t8 = 0.06, t9 = 0.0,
t10 = −0.024, t11 = −0.01, t12 = 0.0275 and 0 = 0.75.
The average number of particles n = 4 is obtained by
setting the chemical potential to µ = 0.4748 [36].
Appendix B: Specific heat calculation
Keeping the parameters h and T fixed, the grand-
canonical potential can be treated as a function of the
amplitude of the superconducting order parameter ∆ε
and total momentum of the Cooper pairs Qε. Then
Ω = Ω(∆ε,Qε), while the entropy S = −dΩ/dT and
superconducting specific heat at temperature T is C =
−T∂2Ω/∂T 2 [43–45]. Here
dΩ
dT
= (B1)∑
ε
[(
∂Ωε
∂T
)
e
+
(
∂Ωε
∂∆ε
)
e
∂∆ε
∂T
+
(
∂Ωε
∂Qε
)
e
∂Qε
∂T
]
,
where the subscript e labels the equilibrium values
of ∆ε and Qε, and the sum is over the bands ε.
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From the thermodynamical-equilibrium condition, we
have (∂Ωε/∂∆ε)e = (∂Ωε/∂Qε)e = 0 in all bands ε,
since Ω(∆ε,Qε) is at a minimum. Hence S =
−∑ε(∂Ωε/∂T )e. The specific heat is then defined in
the usual manner by C = −T∑ε(∂2Ωε/∂T 2)e.
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